NONLINEAR INTEGRAL EQUATIONS OF THE
HAMMERSTEIN TYPE(")

BY
C. L. DOLPH

Introduction. Several authors have treated nonlinear integral equations
of the form:

) W(x) = f Kz Mfly, ¥(3))dy

where K(x, y) is a continuous kernel in L; and f(x, ) is a nonlinear function
of y, continuous in x over the interval a <x =b and continuous in y over the
interval — o Sy=< .

Since even the linear integral equation

@ ¥(x) =2 f K(z, 9¥(3)dy + k(z)

fails to possess a solution in general if N is equal to any of the characteristic
values \;, =1, 2, 3, - - -, of the kernel K(x, y), it is not surprising that all
treatments of (1) have been limited to the cases in which equation (2) is in
some sense (to be made more precise later) a majorant for (1) when A=X,, the
smallest characteristic value of K(x, y). Thus, if K(x, y) is assumed to be
positive-definite and symmetric, Hammerstein [1, Theorem 1](2) proved that
at least one solution would always exist when f(x, v) satisfied, for all y,

v
(A) Zf f(x, s)ds = my* + Cy, Ci>0,0< u <A
[}

Iglisch [2, Theorem 1], using reasoning similar to that of the fixed-point
method, assumed the stronger condition that:there existed a y9>0 such that
for | y| >, f(x, y) satisfied the inequality:

- | (=, 9) — f(x, 0) |
|yl

(B) 0 sSm<h
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to establish the same result.
Hammerstein [1, Theorem 6] and Iglisch [2, Theorem 2] proved that the
still stronger condition:

| f(x, 32) — f(2, 32) |
| Y2 — 3’1|

was sufficient to guarantee the existence of a unique solution. Golomb [6]
generalized this last result to a system of # equations of the type (1) in which
the kernels K;(x, y), ¢=1, - - -+, n, were unsymmetric and possessed ab-
solutely and uniformly convergent bilinear expansions in their characteristic
functions.

The conditions (A), (B), (C) are all equivalent for equation (2) and the
above results are classical. Moreover, as is well known, in the linear theory it
is sufficient to require Ay <A <An;1 to guarantee the above results. In this
paper similar results are derived for equation (1) when the kernel is symmetric
and has a finite norm in Hilbert space.

Specifically, in part I, (B) and (C) are replaced by double inequalities in-
volving Ay <unx and pxi1 <A1 in the obvious way and used to establish the
existence of an a priori bound for the norm of all possible solutions of (1)
even in the non-positive-definite case. The Schauder-Leray [5] fixed-point
method is then used to establish existence under (B) and hence under (C).
This new a priori estimate is also sufficient to establish uniqueness under (C)
by purely classical reasoning, and to generalize the Picard approximation
process first used by Golomb to give a constructive proof of existence.

Part Il is concerned with the corresponding generalization of (A). A simple
three-dimensional example is given which illustrates the fact that there are
no topological reasons necessitating the existence of an a priori estimate.
Thus, while Hammerstein employed direct methods of the calculus of varia-
tions (that is, the Rayleigh-Ritz process) under (A), methods of the calculus
of variations in the large are used here to establish the existence of a solution
for a much more restricted class of functions than those allowed by the direct
generalization of (A). Nevertheless, these methods are not without interest
since they do not employ an a priori estimate at any point, but yield an
estimate of the norm once the existence of a solution has been established.
They therefore might well be called methods of a posteriori estimation.

Part III consists of two applications of the preceding theory to differen-
tial equations.

(®) Sm<\

PaArT I

The main aim of this section is to investigate the existence and uniqueness
of solutions to the nonlinear integral equation:

1
a.1) v = [ K 91l v lay



1949] INTEGRAL EQUATIONS OF THE HAMMERSTEIN TYPE 291

under more general conditions than those previously treated. Specifically,
the following theorems will be proved:

THEOREM 1.1. (a) Let L, be a Hilbert space whose elements are real measur-
able functions h(x) defined over a =x =b for which the norm

1.2) 1] = { ) | h(x)lzdx}‘”

s finite.
(b) Let

(1.3) K=f K(x, y)[ ldy

be a completely continuous Hermitian operator in L, with (real) characteristic
values, \;, j=0,1, - - -,

e SA 2= A <0< M EMNEN

(c) Let f(x, ) be a continuous funciion of x and y over the intervals a=x=b,
— o Sy =< o respectively, for which there exists positive constants A, yo and
numbers px, pni1 in the relation Ay <py <pn+1<Ayi1 S0 that the imequalities

(BY) pxy — A = f(x,9) S pyy + 4 for y > o,
pv1y — A = f(x,9) S vy + 4 for y < 3o

hold; then there exists at least one solution to equation (1.1).

THEOREM 1.2. If f(x, y) satisfies the stronger inequalities

J(x, y2) — f(x, y1)
Y Av < pupy = : - = pv+1 < Avtr

Y2 — )N
for all y1, ys, instead of (BY) and the rest of the hypotheses of Theorem 1.1
are satisfied, then: (1) there exists a unique solution to equation (1.1); (2) this
solution can be obtained by successive approximations.

Instead of establishing these results directly, it is more illuminating to
present the basic reasoning upon which they depend in abstract form first
and then to interpret it appropriately for equation (1.1).

LemMa 1.1, If U is a completely continuous linear operator over L, with
values in Ly, and if G is any continuous operator over Lo with values in Ly such
that for some positive constant A, “ G(://)” <4 +'y“¢[| for any ¥ in L,, and if
|Ully=a<1, then there exists at least one solution to Y = UG ().

Consider the one-parameter family of equatibns:
(1.4) ¥ = tUG(®), 0s7=1



292 C. L. DOLPH [July

For 7=0, this reduces to the trivial equation ¥ =0 which of course has a
unique solution. For =1, it becomes the equation of the lemma.

Furthermore, there exists an a priori bound, independent of 7, to all
solutions of equation (1.4) since

vl = -lulllewll = Alull{a ++ll¥ll} = [|vll4 + [[Ul+]lv]l-
Hence
Juila
1~ 4||U]|
According to Schauder-Leray [5], a solution to equation (1.4) will there-
fore exist for each value of 7, hence for r=1.

., . . . .
In order to obtain a constructive process it is convenient to prove the
following:

(1.5) vl =

LeEMMA 1.2. Let U be a continuous linear operator defined over L, with values
in L, and let { U,.} be a sequence of continuous linear operators with the prop-
erty that

A, =|U.—U|—0 asn— o,

If G is any continuous operator defined over Lo with values in Lo such that
|G (x) —G(y)“ §’y”x—y” where “ U||'y=a<1, then there exists a unique solu-
tion to the equation Y = UG(Y) which can be obtained by a successive approxima-
tion process based on Yo, an arbitrary element in Lo, and the equations .,
=Un,G¥n-1).

Observe first that there exists an 7y such that for n>n,
Uy =<1

since
WU = U - Ul + U]l =780+

and vA, can be made arbitrarily small by taking » sufficiently large.
Second, note that it follows that there exists a positive constant 4 such that

lew)l| s+l for 6w sll6w) — GO+ GO sl +[ G O)]l.
Third, the sequence {¥.{ is bounded (uniformly) in norm, for if %> n,,
then

[[all = 1Ol {4 + Al¥uaill} = € + 8¢l
with C=A4b/v. Consequently, by induction

c
[eall < € +3C 4+ -+ + br=rlgul| = T + lIvad| = 5.

Observe, finally, that the sequence {\[/n} converges to a point Y € L, which
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does satisfy equation (1.4) for r=1, since

‘I’P - 'I’n = UPG(¢P—1) - UnG(‘I’n—l)
= (Up, = U)GWp) + (U — Us) GWa1) + U[G(W¥p-1) — G(¥n-1)]
from which
1o = ¥all = 8p{A +All¥pill} + Aal4 + All¥anill } + afl¥ 51 — asi|

< (A4 + vB)(Ap + A) + al|[¥pm1 — Y.
Now choose #; so that (4+vB)A,<e/2 for n>mny, and #n:>m; so that
n2a=mn1-+k where 2a*B <e; then let n, p >n,, so that )

[¥5 = ¥all < €+ all¥pa = vusi|
Sedaet a%e+ - + a¥ e+ a¥|Ypi — Yai]

1

+ 2¢*B < e( + 1)
1—a

€
=

—a
from which it follows that there exists a ¢ such that || —yx||—0.
However, since
UGW) —¢ = U[G(\b) - G(‘/’»)] + UGWn) — ¥ni1 + ¥t — ¥,
it follows that
lvGw) — ¥l = dly =l +[|UGW) — UnGW)| + ll¥nss — ¥l
< dly — ¥all + A{4 4 vB} + [[¥nrs — ]|

from whichy = UG(¥), since the right-hand side can again be made arbitrarily

small.

In order to verify that the equation ¢ = UG(¥) has a unique solution under
these hypotheses, assume that two solutions ¥, ¥ of it existed. Then it would
follow that

¥z — vill = [UGW:) — UGW)|| = [|U]l¥]lw2 — ¥il| < [|¥2 — ¥l

and consequently that ||z —y|| =0.
In order to apply these lemmas to establish Theorems 1.1 and 1.2, let

T BN§1 — BN
F=——)  y=—
2 2

and define the continuous function g(x, y) by the relation:
g(x, y) = f(x, y) — my.
By hypothesis f(x, ¥) satisfies (BY). In terms of g(x, ¥), this is:
—vy—Asgxy) svyt+4 for y > yo,
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vw-—Asgxy) s —vy+4 for y < 3,
hence
—vlyl -4 =gy svly|+4 for y > | 30].
Thus a constant C can be found such that
| gz, 9| =v|y|l+C for all y.

Now if Y (x) is any element in L, it follows that g(x, ¥(x)) defines a continu-
ous operator G(¥) over L, with values in L,. Further from the above in-
equalities on g(x, y) it follows that

lewl = llvlv@ | +cl.
Thus a constant D can be found such that

lew)ll = +ll¥|l + D.

Let K= [K(x, y)[ ]dybe the completely continuous Hermitian operator
in L; of Theorem 1.1; let {¢,} denote the complete ortho-normal set of char-
acteristic functions of K and let {)\,} denote the corresponding set of charac-
teristic values of K, it being understood that in the case of multiple char-
acteristic functions corresponding to a single characteristic value, the
characteristic value will be considered as occurring with a corresponding
multiplicity. Let the identity operator be denoted by I, the operator K/ (I —aK)
by U, the operation of projection into the linear subspace spanned by
{¢p}, p=N, N—1, - - - (— =) by Py, and the operators PyU by Uy. With
these definitions the following lemma is obvious.

LemMma 1.3. (1) If f(x, v) satisfies (BY), then G satisfies
el < 4 ++|l¥l|

for some constant A.
(2) If (x, v) satisfies (CY), then G satisfies

lGWws) — G|l < v — vl

3) luw — Ul =0 as N— .

In order to verify the norm condition of Lemmas 1.1 and 1.2 on U, it is
first necessary to find the characteristic values of U.

LeMMA 1.4. The complete ortho-normal set of characteristic functions of the
operator K are also a complete ortho-normal set of characteristic functions for
the linear operator U and {)\,,— /I} are the set of corresponding characteristic
values.

Let ¢, be any characteristic function of U with characteristic value o, so
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thaty,=0,U{.). By the definition of U this is equivalent to:y, = (¢,+ i) K.
Therefore ¢, must be some characteristic function of K, say ¢, with character-
istic value N,.. That is, A, =0, from which one has o, =\, — .

The fact that the above choice of U and 7 implies that || U||y=a <1 now
follows immediately from the well known fact that

1
U] = sup

N — @&

Finally it is necessary to observe that the complete continuity of the
operator U follows from the complete continuity of K and the fact that Kis
the linear operator associated with the Hermitian kernel K(x, y). That is, it
follows from the theory of linear integral equations that since 7 is different
from all of the characteristic values of K, the operator (I —zK) has a con-
tinuous inverse (I+aR) where R is the linear operator associated with the
resolvent kernel of K(x, v). Thus U=K/(I—gK)=K(I+aR) and since K is
by hypotheses completely continuous, it follows that U is too.

Theorem 1.1 now follows immediately from these definitions and Lemma
1.1. Similarly, Theorem 1.2 follows from these definitions and Lemma 1.2.

1
< —.
Y

= sup

1
s

Part 11

Even a casual analysis of the preceding development reveals the funda-
mental role played by the a priori estimate given by (1.5) whenever (B!?) is
satisfied. Unfortunately, if (B?) is replaced by the corresponding generaliza-
tion of (A), this estimate ceases to hold and the situation is neither so clear nor
so simple.

In discussing (A) Hammerstein restricted himself to positive-definite
kernels, made use of Mercer’s representation K(x, y) = >_:(x)$:(y)/\s, and
used the fact that the unknown function could be expressed as y¥(x)

= > api(x) where
b
(2’1) N = f f[yl E a1¢l(y)]¢0(y)dy) i = 17 21 ttt .

However, these last equations are nothing but the Euler-Lagrange equations
for the functional

JW) = X Mt — 2G(X aid),

b ¢ (z)
G(¢) =f fo f(x, v)dvdx

and it is easily seen that (A) is just sufficient to guarantee the existence of an
infimum to J(¥) and to provide an a priori bound to ”¢” ={>r af}"’.

where
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The natural generalization of (A) is
(ay i? = O 2 [ (s, 9)dy S wwat® + Cu
This requires that
(2.2) i A\ = ﬂN+1)af —Cyi1 S JW) = i i — uzv)af + Chw.

=1 =1

Condition (A?') or (2.2) is not sufficient, however, to guarantee the exist-
ence of an a priori estimate as the following example shows.

Let 7 be restricted to 1, 2, then (2.2) states that the surface z=J(¥)
must always lie below the surface S;

5= Ci= = (1= \ar + (e — p)as
and above the surface S:
24+ Co= — (p2 — Xl)ai + (A2 — Mz)a:.
It is clear that saddle surfaces of the general form
Z = — aaf + baz

will satisfy this requirement for appropriately chosen values of a, b. However,
an examination of the contour map of the a;, as plane of surfaces of this type
reveals that it is possible to displace continuously the critical point, defined
by (2.1) for =1, 2, to plus infinity along the line (ax =by) without disturbing
the contour lines of greater than P or less than P for any preassigned constant
P. The deformed surface will therefore still satisfy (2.2) for =1, 2 and will in
fact possess no critical point not at infinity. This is of course equivalent to
stating that equations (2.1) do not possess a bounded solution, hence surely
not an a priori bound. This simple example makes it clear that under (A?)
there is no topological necessity for an a priori bound, though it must be
admitted that the special analytical form of J(¥) may still permit such a
bound to exist.

The ideas and methods of the calculus of variations in the large make it
reasonable to seek existence proofs without recourse to a priori estimation
and thus open an entirely new approach to nonlinear problems which can be
associated with a variational problem. A first attempt at such a method will
be outlined in the sequel and made to yield an existence theorem which per-
mits the estimation of the norm of the solution only after its existence has
been concluded (a posteriori estimation). In its present state the method is
not completely satisfactory since it employs only a restricted class of cycles,
namely linear, finite-dimensional manifolds. This severe restriction on the
class of admissible cycles limits the class of permissible deformations and
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consequently more stringent hypotheses are required here then it is believed
will be necessary when the restriction on the admissible class of cycles is
removed.

Before outlining the method it will be convenient to transform the prob-
lem in a manner suggested by the work of Golomb [4]. Let L, be the Hilbert
space consisting of all real quadratically integrable functions defined over the
interval @ £x £b with an inner product defined in the usual way by means of

b
(b1, 2) =f d1(x)pa(x)dx

for ¢, and ¢, in L,. Let K(x, y) be a continuous, positive-definite, and sym-
metrical kernel, {¢,,(x) }, p=1,2, .- ., the complete orthonormal system of
its characteristic functions, and {)\,,}, p=1,2, - - -, the corresponding set of
characteristic values where the characteristic values are taken so that
0<M <A< -+ -.The kernel K(x, y) defines a bounded, linear, positive-
definite, completely continuous, and symmetric operator in the usual way
by means of

’ = (¢ ¢)
Ko = [ K 0oy = T 0,
a p=1 xp
Similarly, the relation
2 (o, ¢0)

Hp = 3

T . P
=1 (No; 0)12

defines a bounded, linear, positive-definite, completely continuous, and sym-
metric operator with the properties that

K¢ = H(H¢) = H'
and such that for some positive constant C
| Ho(=) | = Cl|¢|

for each ¢ <L, and a =x <b6(%).
Defining the operator F(Y)=f(y, ¥(¥)), for each ¢ in L, equation (1.1)
can be replaced by the abstract functional equation

(2.3) v = KF(®{).
This in turn can be replaced by the functional equation

(2.4) ¢ = HF(H¢)

() For a more general treatment of the existence, uniqueness and complete continuity of
the “square-root” operator H than that given by Golomb [4], see, for example, Nagy [9],
where the discussion is based on the spectral theorem.
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as the next lemma will demonstrate. Equation (2.4) is more convenient for
the sequel in that it leads to a more readily discussed variational problem
than that for J({). The fact that a solution of equation (2.4) yields a solution
to (2.3) was first noticed by Golomb [4].

LeMMA 2.1. A necessary and sufficient condition that equation (2.3) possess
a solution in L, where K is a positive self-adjoint linear operator over L, with
values in Lq 1s that the functional equation (2.4) have a solution where H is the
unique, self-adjoint operator such that K= H?.

Necessity. Let ¢ be a solution of equation (2.3), then
(2.5) ¢o = HF(Yo)
is a solution of (2.4) for
Yo = KF(Yo) = H:F(Yo) = H(HF(y0)) = Héo.

The substitution of this last equality into equation (2.5) yields equation (2.4).
Sufficiency. Let ¢ be a solution of equation (2.4), then

(2.6) Yo = Hoo
is a solution of equation (2.3) since equation (2.4) implies that
Hg¢o = H(HF(H¢o)) = H*F(H¢o) = KF(o).

The substitution of this last equality into equation (2.6) yields equation (2.3).

Recalling Golomb’s [4] definition of the gradient of a functional; namely,
an operator I' defined in L, with values in L. will be called the gradient of a
functional G(¢) if for any two different elements ¢1, ¢ in L,

(2.7) G(¢s) — G(¢1) = (T, 62 — ¢1) + R(1, b2)||¢2 — ¢4
holds where R(¢1, ¢2) is a continuous function for which
(2.8) lim R(¢1, ¢2) =0

b1

and defining the function G(x, v) = f3f(x, y)dy the operators F(¢) =f(y, ¢(3))
and

b
G(¢) = f Gz, (2))dz

for all ¢ in L,, we easily verify that the operator
(2.9) T = 2[¢ — HF(Hy)]
is the gradient of the functional

(2.10) I(¢) = (¢, ¢) — 2G(H9).
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Consequently, equation (2.4) will possess a solution ¢, if and only if ¢,
=grad I(¢o) =0.

Let M% denote the N-dimensional linear manifold in Hilbert space span-
ning the origin and ¢y, - - -, ¢, the first N characteristic functions of the
operator K. Let Q denote the class of linear manifolds { My} in Hilbert
space which are parallel to M%. Thus if one lets £ be the function in My which
is orthogonal to all ¢ in MY one has My(£) = My +£. With these definitions
the main theorem of this section is the following:

THEOREM 2.1. (1) If K is a (completely continuous) linear operator over L,
with values in Lo, which is defined by the posttwe-defimte symmetric, and con-
tinuous kernel K(x, vy) by the relation

k= [ K@l 1o

and if {\,},p=1,2, - - -, denote the denumerable set of characteristic values of
K in the sense that 0 <Ny <A< -+ -« ; (2) If the functional
G(¢)

satisfies the inequality
(A2) un(p, ¢) — Cn < 2G(9) = pv41(9, ¢) + Crvpa

for all ¢ in Ly, where Cy, Cny1, un, and uni1 are constants such that Cy =0,
Cyv120, and Ay <py <py41 <Awvi1; (3) If the functional I(p) defined by equa-
tion (2.10) possesses at most one maximum on each linear manifold My in Q;
then equation (1.1) possesses at least one solution.

Before discussing the proof, it should be remarked that the functional
I(¢) will certainly satisfy condition (3) above if the functional G(Hg¢) is a
concave functional of ¢ over each My.

The proof will follow the familiar pattern of proofs given by methods in
the large. Defining

d(My) = max I(¢)

sEMN
and

d = inf d(My)
MNER
one first shows that d is finite. Once this has been done, the existence of a
limit manifold M% is demonstrated and it is shown that d(M%)=d. By
hypothesis, it follows that there exists a ¢o& M} such that I(¢) =d. Finally,
it is shown that unless ¢ satisfies equation (2.4), the limit manifold M% could
be continuously displaced into a new linear manifold M3 on which d(M%) <d,
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contrary to the definition of d. Let ¢ be any point in any linear manifold My
belonging to Q. Then ¢ may be represented by

N
b=0+50E My; 6= aids; © 8 =0,

t=1

where, as is well known from linear theory,

(¢i’ ¢1) = 8"1'; (¢i’ f) =0, i=H,--- , N,
1
(H¢i: H¢l) = ’x: (¢t‘) ¢t’)y 1= 1’ -++, N,
1
(Hg, Hg) < & %),
AN+1
(Hor HE) = Z ai(H2¢ir f)
= Z::_’(¢n £) = Ov
(HS, HO) = Y ax(Hé:, Hp:)
«
RV
These inequalities and (A?2) imply that
I(¢) = (6,60) — un(H8, HO) + Cn + (&, &) — un(HE, HE),
N
19 s Sei1- ’%) + (& 9 + un(HE HY) + Cr. -

i=1

However,

(1—%)§(1—%)<0y iéj;i-_" ,"’,N;j=l,"',zv,

(1 _ £ "“) >0
Av41

so that

(2.11) I(¢) < (1 - ’ﬁ)llell2 + (1 + ﬂ)l[sﬂ* + C.
Av AN41

Similarly, the left-hand side of (A?) implies that

(2.12) I® 2 (1 — pwver/Mve)||E]]2 = Cugae

Several useful relations are immediate consequences of (2.11) and (2.12).
Thus:
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For any ¢ contained in a given My (£ =constant)
(2.13) I(9) > — = as [[6]] — =,
(2.14)  d(My) Z 1®) 2 (1 — Mys/M)|[El]* — Cwvar 2 — Cws,
d(My) + Cnya

@19 lell = (1 = wwer/Mysn)
(2.16) dMx) S (1= w/ M6l + Cx < C.
It follows from (2.14) and (2.16) that
(2.17) — Cyy1 £ d £ Cy.
Let w be defined as that subclass of © for which
d(My) £ Cx.

It is an immeditte consequence of (2.15) that for any My in w

Cyv + Crnsar } 1/2
(1 = pwrr/Ave))

(2.18) llell = {

Consider, therefore, any sequence {M‘}‘v}, such that dM(%)—d. It is clear

from (2.16) that this sequence can be replaced without loss of generality by

one involving only elements in w. Let &, correspond to M%. Since any bounded

set in Hilbert space is well known to be weakly compact(4), there will exist

a subsequence {Ea' } of {Ea} which has a limit point &, in the weak topology (5).
The limit point o defines a linear manifold M% uniquely by

My = My + bo.
Since MY is, by the above definition, included in £, it follows by hypothesis
that on it I(¢) attains its maximum at only one point, say ¢o. Clearly
(2.19) I(¢o) = d.

Assume that I(¢o) >d; then it follows that there exists a subsequence of N-di-
mensional linear manifolds {M i:} € w such that I(¢o) >d(M%) =d. Let & cor-
respond to any M% and & to M%Y. Denote £ —&, by Afs so that ¢o+A&s will
be on M%, and

I($o + A%s) = I(¢o) — 2G(Heo + HAZ)
+ 2G(Heo) + (Afs, Aks) + 2(do, Akp).
However ||A%|| is bounded for all £,&€MyEw and He, is a continuous

(2.20)

(*) Imposing the condition (A2) on the functional I(¢) is equivalent to imposing the condi-
tion (A!) on the functional J(¢¥).

(%) See for example, F. H. Murray, Linear transformations in Hilbert space, Princeton Uni-
versity Press, chap. 5.
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function of x on (@, b) so that there exists constants ¢, d such that on (a, b)
¢ = Heo(x) = d

and
¢ = H¢o + HAEs = d.

From the continuity of f[x, v(x) ] it follows that there exists a constant & such
that

| flz, v(®)]| < &

fora<x=<b and cSv=d, and hence

b Hg,
|26(Hs) — 26(Hs+ Hog) | =2| [ [ P L, o(x) |dvda

Hgy

b k]
<2k f | HAL | dx < 28| EHALS|| (3 — ).

Since H is a completely continuous operator there exists a subsequence
HAEg which converges strongly. Moreover, since (¢o, ) defines a linear func-
tional in L,, it follows from the weak convergences of A£,-—0 (hence a fortiori
Akg—0) that (o, Afs)—0. Since the sequence £.r — & may be replaced by the
sequence A& =£5 — &g without loss of generality, it follows that

A(My) = Jmax 1(4) 2 Igo + Mls)

2 I(¢o) — 2k(b — a)*| HAgs|| + 2(d0, Aks).
Upon letting &3-—%,, this yields
d = I(¢o).
This and equation (2.19) imply that
(2.201) I(po) = d.

Now if ¢o does not satisfy equation (2.4), then grad I(¢o)#0 so that
n=grad I(¢o)/ ”grad I(¢o)” defines a unit vector in Hilbert space. Now it is
easy to see that grad I(¢e) and hence 7 must be orthogonal to M%. For
otherwise grad I(¢o) would have a projection on M%. Let % be a unit element
in the direction of this projection. Then for all £, 0 <¢=< «, it follows from the

hypothesis that ¢, is the only maximum of I(¢) on M% and the definition of
the gradient that

0 = I(¢o + tu) — I(¢o) = t(grad I(0), %) + R(da, ¢o + tu)||u]
and that
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0 2 I(¢o — t4) — I(¢)) = — #(grad I(¢o), %) + R(o, $o — tu)|| — tu]].
Dividing by ¢ and taking the limit as {—0, these yield respectively
(grad I(¢o), #) = 0
and
(grad I(go), u) = 0

from which it follows that (grad I(¢.), ») =0.
Moreover grad I(¢) is a continuous function of ¢ on M% so that there exists
a positive number e and a neighborhood v, of ¢o on M% such that for all

¢€vo
(grad I(¢), n) > 2¢ >0 -

Since I(¢) possesses only one maximum ¢o on MY, there exists a positive
number § such that

(2.21) I(¢) < I(¢o) — &

for all ¢ on M% outside of v,.
Now form the linear path in Hilbert space given by

(2.22) o= 00— In
where o9 is an arbitrary element of M%. Then by the definition of the gradient
(o)) — I(o0) = — t(grad I(s0), 1) + Ro(ao, o2)]| — ]|
where » can be so chosen so that, for 0=t=»,
R(oo, a0)]| - anl| <ce.
With this choice for », it follows that whenever ¢oEv,
(2.23) I(o:) < I(o0) — et = I(¢po) — et.
Now define s; (0=<¢{=<v») as that region of the functions
ag=04+&—1n
where §& M% and

, Cv—d+1+(1+ un /M) (&2 + v2ln]|%)

llell> = '
px/Av — 1

It follows from (2.11) that

(2.249) o) <d—1

whenever ao& so. Since I(¢) is a continuous function of the N1 variables ¢,
a; (=1, - - -, N) over the bounded, hence compact, region s;, 0=¢=v, it
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follows that for & there exists a p>0 such that if 0 <¢<p, then
| I(oe) — I(a0) | < 8/2
:;rlhenever doEso—v.. However this last inequality implies that if o¢Eso—uv,,
en
I(oy) < I(oo) + 6/2.
Combining this with (2.21) one finds that if 0o Eso—v,, then
(2.25) I(o:) < I(¢o) — 8/2.

Consider the parallel displacement given by (2.22) of MY into M¥%* = ux(t)
where to=min (p, »). As a result of it, one has

(2.26) dMN) < d = ()

for:
(1) If ooEv. then, since f, <», equation (2.23) implies that

I(o4) = I(o) — et.

(2) If goEso—v. then, since f<p, equation (2.25) implies that I(cy)

<I(¢o) —0/2.
(3) If oo so—v. and oo€kv,, then equation (2.24) implies that

I(O‘to) <d-1

Since (2.26) cannot hold according to the definition of d, as M} is clearly
an admissible element of £, it follows that grad I(¢.) =0 which implies that
¢o is a solution of equation (2.4). Lemma 2.1 now implies that, under the
conditions of Theorem 2.1, equation (1.1) has at least one solution.

The norm of this solution can now be estimated as follows (a posteriori

estimation):
Since ¢o=00+%o, it follows from (2.11), (2.17), and (2.201) that

— Cya1 S d = I(¢0) < (1 — pn/Aw)||80]|2 + [|£0]|2(1 + px/Awss) + Cw

and hence that
Cy + Crar + || &2 + pw/Awt1)
(en/Ay — 1)

lleol]* <

However, by (2.15)
(Cnx + Cwy1)

(1 — uv41/Av41)

l|&]2 =

so that
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c Cw)\ A (2 -
”4,0”2 ”00“2+ ”Eo"z (Cws1 + Cx) N+l[ N(2AN41 + pN ,,N“)]

ANs1 — uni1) Avi(uy — Aw)
< (Cv + Cny)Mvs1 (uv + Ay)
Awsr — pwver)  (uv — Aw)
2(Cx + Cw1)
T (1 = pyar/Avs) (1 = Av/py)

which is the desired a posteriori estimate for equation (2.4). Similarly, by
virtue of Lemma 2.1 and known bound of H the a posteriori estimate for
equation (1.1) can be readily found.

Part III

The above theorems will now be applied in their two-dimensional form to
a boundary value problem in elliptical partial dlﬂ'erentlal equations. (Cf.
Hammerstein [1].)

THEOREM 3.1. (1) Let B be a region of the x, v plane in which the following
linear problem has a solution(®).

L) 2 ( av>+ 3( av) 0 . B
=—(p— —|p—)= in B,
i ox pax a9y pay

V=1 on the boundary of B;

(2) Let L(v) possess a Green’s function K(x, v, s, t) that vanishes identically
on the boundary of B and is such that

f K(z, v, s, O)[ ldsdt
B

is a completely continuous operator in the Hilbert space Lo(B). Then in order
that the nonlinear problem
L(u) = f(x, y, w) in B,

u=v on the boundary of B

have a solution, it is sufficient that the function
Sz, 3, u+ )

satisfy the hypotheses of Theorem 1.1, Theorem 1.2, or Theorem 2.1. In order for
the solution to be unique it is sufficient for f(x, v, u-+v) to satisfy the hypothesis of
Theorem 1.2.

As is well known, the boundary-value problem

(%) For a complete discussion of the existence of the solution to linear problems of this type
reference can be made to Courant-Hilbert, Methoden der Mathematischen Physik, chap. 7, vol. 2,
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L) = flx, 9, ¥(=, 3) + v(=, )] in B
with
v=0 on the boundary of B

is equivalent to the integral equation

¥z, 3) = f fBK"" 9, 5, O[5,  ¥(s, &) -+ o(s, £) dsds.

This equation is in the form of (1.1). Hence Theorems (1.1) or (1.2) or (2.1)
may be applied to guarantee the existence (and perhaps uniqueness) of a
solution. Now let

u(x, y) = ¥(x, ) + (=, ¥)

where v(x, ) is the solution of the linear problem stated in the hypotheses of
the theorem. Then #%(x, y) is the solution of the nonlinear problem of the
theorem, since

L(w) = L) + L(v) = L) = f(x, 3, ¥ + 1) in B,
u=yt+ov=0v=9y on the boundary of B.

The results of this paper may also be applied to the so-called generalized
equation of Duffing which arises in the nonlinear theory of vibration. This
equation may be written (cf. Hammerstein [1]) as

¥(@) + 2 f " K(x, 3) sin {— ¥(3) + g(3)}dy = 0

where
2 & sinnxsinn 2(— y/m+1) if = ,
Ko =—X Tr= {yE— iﬁrj—- 1; if x:i’»
and where g(x) is assumed continuous. If we let
f(x, u) = — \sin [u + g(2)]
it follows that
— Al = flx, w) = |2

so that the hypotheses of Theorem 1.1 are satisfied for all values of . Hence
the generalized equation of Duffing possesses at least one solution for all
values of A. It is also easy to see that this equation fails to satisfy the sufficient
condition for uniqueness (7).

(") For an existence proof based upon the theory of E. Schmidt and the ideas of continua-
tion and a discussion of the solutions of the generalized equation of Duffing see Iglisch [3].
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